Abstract. Let X = J ( C) be the Jacobian of a genus 2 curve C over C and Y be the associated Kummer surface. Consider an ample line bundle L = O(m C) on X for an even number m, and its descent to Y , say L . We show that any dominating component of W 
Introduction
The kernel bundles or syzygy bundles over C were first studied by Ramanan and Paranjape [25] , in the context of curves. More generally, Ein and Lazarsfeld [13] studied these bundles over higher dimensional varieties. These bundles occur naturally as the kernels of evaluation maps of globally generated sheaves over smooth, projective varieties. In particular, let X be a smooth, projective variety and A be a globally generated line bundle over X. Then, the kernel bundle (which we denote by M A ) occurs as the kernel of the surjective evaluation map H 0 (X, A is equivalent to that of φ * A T P r , where φ A : X −→ P r is the morphism associated to the globally generated line bundle A. the inclusion. We then get a surjective evaluation map V ⊗ O X −→ j * A, whose kernel we denote by F C,A,V . Thus, we get:
The dual bundle F ∨ C,A,V =: E C,A,V is called the Lazarsfeld-Mukai bundle. The definition and some initial properties of LM bundles are discussed in [1] for a K3 surface X.
Consider a K3 surface X and an ample line bundle L on X. Then, for a general C ∈ sm|L| (cf. § 2.1, (b)) and a general complete, base-point free A ∈ G 1 d (C) (cf. § 2.4, I.(b)), Lelli-Chiesa [20, Chapter III] has studied the µ L -stability of the rank-2 LM bundle. Our aim in this paper is to obtain similar results on Jacobian surfaces.
In § 5, we study LM bundles over the Jacobian of a genus 2 curve C, X = J ( C), and the associated (singular) Kummer surface Y = K( C). Fix an embedding of C → X such that the involution i on X which maps x → −x, restricts to the hyperelliptic involution on C. Now, consider the line bundle L = O(m C) on X for an even number m. Then L is an ample and globally generated line bundle on X. Also L is a symmetric line bundle, hence the involution i acts on the space of global sections H 0 (X, L). We thus have a decomposition into the + and − eigenspaces:
These give i-fixed point linear systems |L| ± ⊂ |L|. Moreover, L descends to a unique very ample line bundle L on the Kummer surface Y . Let k denote the gonality (cf. § 2.3, (a)) of any curve in sm|L | which lies in the smooth locus of Y . Then we prove the following about LM bundles on Y = K( C). Note that any smooth curve C ∈ sm|L | avoiding the singular points of Y has genus g = m 2 2 + 1. Hence the statement requires:
The inequality g − k + 2 < d automatically implies that the Brill-Noether number (cf. § 2.4, II) ρ(g , 1, d) > 0, guaranteeing the non-emptiness of the Brill-Noether varieties G 
. Thus if C ∈ sm|L | is a curve which avoids the singular points of Y , then C is isomorphic to a curve in sm|φ * L | in Y . The result of Lelli-Chiesa which we adapted for the case of nef, big and globally generated line bundles in § 4 tells us that for a general C ∈ sm|φ * L | and a general complete and base-point free A ∈ G 1 d (C ) in Y , the LM bundle associated to (C , A ) is µ φ * L -stable. Hence the corresponding bundle on Y is µ L -stable. Consequently, we also obtain the following on X = J ( C). Theorem 1.2. Let X, L and k be as above. Let d ∈ N be such that (
The conditions in the statement of the theorem read as :
The inequality d ≤ g + 1 tells us that for a general C ∈ |L |, no irreducible component of W The outline of our proof is the following. We have a rational morphism
where the map is defined on the open subset
The map is given by Φ((C , A )) = (π The quotient morphism π :
is a finite morphism of degree 2. The dual LM bundle F C ,A on Y corresponding to (C , A ) ∈ Y with A base-point free pulls back to the dual LM bundle F C,A,V corresponding to the triple (C, A, V ) = Φ(C , A ) ∈ G 1 2d (|L| + ) on X. Hence, by [22, Lemma 1.17] , the µ L -semistability of LM bundles corresponding to pairs (C , A ) on Y implies the µ L -semistability of LM bundles corresponding to triples (C, A, V ) = Φ(C , A ) on X. Thus, a general element of Φ(D) corresponds to a µ L -semistable LM bundle. Since, by [18 Finally, we consider any ample line bundle L on X = J ( C) such that the genus of a smooth curve C ∈ sm|L| is g. Then we show that a general element of G 1 g−1 (|L|) corresponds to a µ L -semistable LM bundle in Proposition 5.8. We do this by showing that the restriction of the dual LM bundle F C,A,V associated to a general (C, A, V ) ∈ G 1 g−1 (|L|) to C i.e., F C,A,V | C is µ L| C -semistable.
Preliminaries
2.1. Definitions and Notations. Let X be a smooth projective surface over C.
(a) If F is a coherent sheaf over X and ξ is the generic point of X, then the rank of F is the rank of F ξ as an O X,ξ vector space. (b) If L is a line bundle on X, then sm|L| denotes the set of all curves in |L| which are smooth as closed subschemes of X. By Bertini's theorem, we know that if L is globally generated, then almost every element of |L| is smooth as a closed subscheme of X [17, Corollary III.10 We recall the definition of (semi)stability of torsion-free coherent sheaves with respect to nef line bundles. We refer to [16] for details.
Let L be a nef line bundle on a smooth projective surface X over C. Let E be a torsion-free, coherent sheaf on X of rank r > 0.
(a) The slope of E with respect to L is defined as
(b) (Semi)stability with respect to a nef L: The torsion-free sheaf E on X is said to be µ L -semistable (resp. µ L -stable) if, for any coherent subsheaf 0 = F ⊂ E with rank
Remark. Note that in the particular case when L is ample, the above is just the definition of the familiar Mumford-Takemoto (semi)stability of coherent sheaves. In fact, all the basic properties of Mumford-Takemoto (semi)stability with respect to an ample line bundle, such as the existence of a unique "Harder-Narasimhan" filtration for torsion-free sheaves, existence of a "Jordan-Holder" filtration for semistable sheaves etc. carry through naturally for the notion of (semi)stability with respect to a nef line bundle, cf.
2.3. Gonality and Clifford dimension. We recall the definitions of gonality and Clifford dimension of a smooth projective curve C, cf. [14] .
(a) The gonality of C is the smallest integer d such that C admits a degree d (nonconstant) morphism to P 1 . Note that C has gonality 1 if and only if the genus of C is 0. (b) For a line bundle A on C, the Clifford index is defined as
We say that a line bundle A contributes to the Clifford index of C if h i (A) ≥ 2 for i = 0, 1, where the Clifford index of C is Cliff C = min{Cliff A | A ∈ Pic(C) contributes to the Clifford index of C}.
We say that A ∈ Pic C computes Cliff C if A contributes to Cliff C and Cliff A is minimum. The Clifford dimension of C is min{h 0 (A) − 1 | A ∈ Pic(C) , A computes the Clifford index of C}.
2.4.
Facts from Brill-Noether theory. We recall some results on Brill-Noether theory for a smooth curve C, cf. [3, Chapter IV].
(I) Suppose C is a smooth curve of genus g, we associate certain varieties to C:
parametrizes complete linear series of degree d and dimension at least r. Set theoretically, We next recall some facts about Brill-Noether theory for a family of smooth curves, cf. [4, Chapter 21] . Let p : C −→ S be a family of smooth curves of genus g > 1 parametrized by a scheme S. We denote C s = p −1 (s) for s ∈ S.
(III) The following S-varieties can be associated to the family of smooth curves p.
(a) The variety Pic d (p) parametrizes line bundles A of degree d on smooth curves C s for s ∈ S, and its support is given by
2.5. Lazarsfeld-Mukai bundles. Suppose that X is a smooth projective surface and C is a smooth curve on X. Let A be a line bundle on C and V ⊂ H 0 (C, A) be a linear subspace such that the linear system PV is base-point free. If j : C → S is the inclusion, then j * A is a globally generated sheaf on X. Therefore, we get a surjective evaluation map on X given by V ⊗ O X −→ j * A −→ 0 . Let F C,A,V be the kernel. So, it fits in the exact sequence: 
The dual of F C,A,V , which we denote by E C,A,V , is called the Lazarsfeld-Mukai bundle.
The bundle E C,A,V fits in the following exact sequence obtained by dualizing (1) .
Constructing families of LM bundles on a smooth projective surface
In this section, we construct families of LM bundles, parametrized by suitable varieties.
3.1. Genericity of base-point free linear series. Consider a smooth projective surface X over C. Let L be an ample line bundle on X such that sm|L| = ∅. Consider
Then p : C −→ sm|L| is a finitely presented, faithfully flat family of curves since, for any C ∈ sm|L|, the fiber p
Given the family of curves p, we have the variety G r d (p) which we shall henceforth denote by
Since p is flat, p 1 is a flat morphism too. Set theoretically, We want a family of curves which admits a section, so that it has a Poincaré line bundle over it. So, we once again consider the following fibered product.
Set theoretically,
So, the fiber over a point (y, C, A, V ) ∈ G is just C. Since p is flat, p 2 is a flat family of curves. The universal property of fibered product gives us a morphism ∆ : G −→ C G such that p 2 • ∆ = id G , the identity on G. Hence, ∆ : G −→ C G gives a section of the family of curves p 2 :
then the subspace
By point (ii) above, we have the inclusion V → p 2 * L. By adjointness, on C G we get
where M is the cokernel. Consider S = Supp(M) = {s ∈ C G | M s = 0}. This is a closed set. Since p 2 is a proper morphism, p 2 (S) ⊂ G is a closed set.
Then the complement of p 2 (S) in G parametrizes elements of G with the corresponding g r d 's base-point free. Indeed, for t = (x, C, A, V ) ∈ G, restricting the morphism (3) to the fiber p
. We now have this sequence of equivalent statements:
By a set theory argument we observe that, p −1
c is precisely our set B, and thus B is open. 
3.2. Families of LM bundles over B. Now, we describe the required family of LM bundles, as follows. Proof. We keep notations as in the Lemma 3.1. Recall the family of curves p 2 :
Thus by adjointness (and since j is a closed immersion), we get q * V −→ j * L −→ 0 on X × B. Let F be the kernel. Hence, we get
• Since p 2 : C G −→ G is flat and L is a line bundle on C G , L is flat over G. Hence the sheaf j * L on X × G is flat over G.
• Again, since the projection X × G −→ G is flat and since q * V is a vector bundle on X × G, q * V is flat over G.
Hence, from (4) we infer that F is flat over B. If t = (x, C, A, V ) ∈ B, then q −1 (t) ∼ = X. We restrict the short exact sequence (4) to the fiber q −1 (t) to get
where, in this case, j denotes the inclusion j : C → X.
Hence, F| q −1 (x,C,A,V ) is the dual LM bundle F C,A,V associated to the triple (C, A, V ). Thus, we get that F on X × B is a family of dual LM bundles on X of rank r + 1 parametrized by the open set B ⊂ G.
4. Stability of rank-2 LM bundles over K3 surfaces with respect to nef and big line bundles
We start by recalling the theorem of Lelli-Chiesa. 
Note that Theorem 4.1 can be adapted to the case when the gonality k of curves C ∈ sm|L| is not necessarily maximal (i.
We now extend Theorem 4.1 when the ample line bundle L is replaced by a nef, big and globally generated line bundle L. As we saw in § 2.2, we can study (semi)stability with respect to nef line bundles. Proposition 4.3. Let X be a smooth, projective K3 surface and L ∈ Pic(X) a nef, big and globally generated line bundle such that a general curve C ∈ sm|L| has genus g, Clifford dimension 1 and gonality
That is, for a general C ∈ sm|L|, the LM bundle associated to a general complete, base-point free
Proof. First we note that the definition and basic properties of LM bundles do not depend on the ampleness of L. Hence, Lelli-Chiesa's result follows by replacing the ample L with a globally generated, nef and big L by an application of Ramanujam-Kodaira vanishing theorem. We explain this as follows.
By [20, Proposition 3.5.2], we get that if W is any irreducible component of W
On the other hand any dominating component of W 
Therefore W is not a dominating component of W 
LM bundles over abelian surfaces
Consider a smooth projective curve C of genus 2 over C. Suppose X := J ( C), the Jacobian of C. Let i : X −→ X be the involution which maps x → −x. Consider the quotient of X by the action of i, Y := X/(i). Then Y is the Kummer surface K( C) associated to the abelian surface X. This is a singular surface whose singularities are 16 nodes, which are all the images of the 2-torsion points of X. Let π : X −→ Y be the canonical quotient morphism of degree 2. In fact, if U denotes the smooth locus of Y , π| π −1 (U ) : π −1 (U ) −→ U is a flat 2-sheeted covering morphism.
We fix an embedding C → X, via a Weierstrass point, such that the involution i on X restricts to the hyperelliptic involution on C. Therefore, we have i( C) = C and Proof. This is an application of the Riemann-Roch theorem. Indeed, since L = O(m C), L is a multiple of the theta divisor and hence is ample. Thus, by Riemann-Roch formula,
The descent of O(2 C) defines an embedding of Y in P 3 , and hence is very ample [ 
But φ * L is not ample because it is trivial when restricted to any exceptional divisor. However, we have the following lemma. Proof. By Lemma 5.1, L is very ample, therefore it is globally generated, nef and big. Hence, the pull back φ * L is also globally generated, nef and big. This proves (a). Since φ * L is nef and big, by Ramanujam-Kodaira vanishing theorem we get that h i ( Y , φ * L ) = 0 for i = 1, 2. Thus, by Riemann-Roch theorem, we get
Since φ * L is a globally generated line bundle on Y , by Bertini's theorem, a general member C ∈ |φ * L | is smooth.
We also make the following observations about the nef, big and globally generated line bundle φ * L on Y . 
The gonality of any smooth curve in the linear system is constant, say k . This is because Knutsen [19, Theorem 1] proved that if S is a K3 surface and E is a globally generated line bundle on S, and if the gonality of curves in sm|E| is not constant, then the pair (S, E) is as in Donagi and Morrison's example [11] . In their example, f : S −→ P 2 is a K3 surface which is a double cover of P 2 branched along a nonsingular plane sextic curve B ⊂ P 2 and E is the line bundle f * O P 2 (3). But our K3 surface Y and our globally generated line bundle φ * L are not of this form. Hence we get the constancy of gonality.
Again by [19] , except for the Donagi-Morrison example, if a globally generated linear system |E| on a K3 surface S contains smooth curves of Clifford dimension at least 2, then 
, and hence ,
This is again not possible since m is even. Hence we have eliminated the second possibility too. Therefore curves in sm|φ * L | have Clifford dimension 1.
Since the K3-surface Y is isomorphic to the Kummer surface outside the exceptional loci, we have the following easy consequence. 
LM bundles on Y and Y .
We begin with a proof of Theorem 1.1. We now see that Y is a K3 surface and φ * L is a nef, big and globally generated line bundle on Y such that a general curve in sm|φ * L | has genus g (= m 2 2 + 1), gonality k and Clifford dimension 1.
Proof of Theorem 1.1. Fix any d ∈ N satisfying the given conditions. Now, consider a curve C ∈ sm|L | which avoids the 16 singular points of Y . Let A be a complete, base-point free g 1 d on C . Since φ : Y −→ Y is an isomorphism outside the exceptional loci, we have the following commutative diagram.
We have the following two exact sequences with respect to the dual LM bundles (which are of rank-2) corresponding to pairs (C , A ) on Y and (C , A ) on Y , say F and F respectively:
Clearly the exact sequence (6) is the pull back of the exact sequence (5) under φ. Hence φ * F = F .
As remarked earlier, for a general C ∈ sm|φ * L | and a general complete, base-point free
* G is a line bundle, and a morphism from a line bundle to any vector bundle is either injective or zero. But we know that this morphism is injective on an open set (complement of the exceptional loci), and hence is non-zero.
Since φ is the blow up map,
Hence, the above inequality becomes,
This shows that F is µ L -stable. This proves our theorem.
Now we resume our analysis on X = J ( C).
As earlier, choose m to be even. Then, L = O(m C) is an ample and globally generated line bundle on X (in fact L is very ample for m ≥ 4, cf. [7, Corollary IV.5.3]). Therefore, by Bertini's theorem sm|L| = ∅. Recall that i * L = L. Hence the involution i acts on H 0 (X, L), and we have a decomposition into the + and − eigenspaces:
These give i-fixed point linear systems |L| ± ⊂ |L|. We have dim|L|
Let C ∈ sm|L| be a smooth curve in X, and C = π(C) be the image in the Kummer surface Y . Denote π| C =: π C .
(a) If C / ∈ |L| ± , then C is not preserved under the involution. Yet, we have that i(C) ∩ C = ∅. For, since C is an ample divisor, by the Nakai-Moishezon Criterion, C · i(C) > 0. In such a case we have finitely many points x ∈ C such that −x ∈ C as well. Then the image C in the Kummer surface Y is singular. (b) The other case is that C is preserved under the involution. Hence C ∈ |L| ± . Then C is the quotient of the smooth curve C by the action of the finite group {1, i}. So C is smooth. In this case π C : C −→ C is a finite double cover. Further, if C ∈ |L| − , it passes through the 16 double points of X since these are the base-points of the linear system |L| − .
Note that, since L is a totally symmetric line bundle,
So curves in |L | correspond to curves in |L| + . Hence we restrict our attention to the linear system |L| + , noting that a C ∈ sm|L| + is a smooth curve preserved under the involution and a general such C avoids the 16 double points of X. Now, choose C ∈ sm|L | which avoids the 16 singular points in Y . Let C =: π −1 (C ). Hence C ∈ sm|L| + . Let A be a globally generated line bundle on C . This pulls back to a globally generated line bundle A on C, that is,
Since π C : C −→ C is a degree 2étale morphism of smooth curves,
Let g(C) denote the genus of C. By adjunction formula, any curve in sm|L| has genus
Hence for A = π * C A , we see by projection formula that:
Thereby, we see that the global sections of A on C can be written as:
Let V = H 0 (C , A ). Since A is globally generated on C , we have V ⊗ O C −→ A −→ 0. Hence pulling back by π C , we get the surjection
is a subspace such that the linear system PV on C is base-point free. Now, we consider the dual LM bundle on X corresponding to (C, A, V ), which is given by the following exact sequence :
We then have the following Proposition.
Proof: The dual LM bundle on Y associated to the pair (C , A ) is given by:
We pullback this short exact sequence by π, to get the short exact sequence on X:
Now if U ⊂ Y denotes the smooth locus, then π| π −1 (U ) : π −1 (U ) −→ U is a flat morphism. We also have j : C → π −1 (U ) and j : C → U . Hence, we have the following commutative diagram :
Note that since j is a closed immersion, it is a separated and finite type morphism of noetherian schemes. Then, by [17, Proposition III.9 .3], we have π * j * A j * π * C A j * A on π −1 (U ), and hence on X. Thus, from (8), we get the following exact sequence on X: We now have a rational morphism Φ defined on Y:
where Now, consider the family of LM bundles on X parametrized by B that we constructed in Proposition 3.3. This is a family of LM bundles associated to tuples (x, C, A, V ) where C ∈ sm|L| + , x ∈ C and (A, V ) ∈ G 1 2d (C) is base-point free. In order to say that the LM bundle corresponding to a general (C, A, V ) ∈ W is semistable, it is enough to produce a single (x, C, A, V ) ∈ B with (C, A, V ) ∈ W such that the corresponding dual LM bundle F C,A,V is µ L -semistable. This is because, by [18 Hence, by our Theorem 1.2, we get at least one irreducible component of G 1 2d (|L|) which dominates the linear system |L| corresponding to µ L -semistable LM bundles.
We next show by other means that, if L is any ample line bundle on X = J ( C), such that any curve in sm|L| has genus g, then the LM bundle corresponding to a general element of G Also recall that the dual LM bundle on X is given by the exact sequence (1) . Restricting this short exact sequence (1) from X to C, we get the exact sequence, where K is the kernel:
Here K is a rank one torsion-free sheaf on the curve and hence a line bundle. Since determinant is additive in exact sequences, we get:
Further from the exact sequences (9) and (10), we get the short exact sequence on C: Hence F C,A,V | C is a vector bundle on C which is an extension of two line bundles with the same slope. Thus, by [22, Lemma 1.10(3)], F C,A,V | C is µ L| C -semistable on C. This implies that F C,A,V is itself µ L -semistable, cf. for example [21, Chapter 11] .
